The full description of the evolution of light during its nonlinear propagation represents a valuable help to the complete understanding of important nonlinear phenomena such as light filamentation. In this paper we present a comparison between theoretical and experimental results of the spatiotemporal structure of a light filament at different propagation distances. In order to obtain the experimental spatiotemporal structure, we have used a technique based on spatially resolved spectral interferometry called STARFISH, for spatiotemporal amplitudeand-phase reconstruction by Fourier transform of interference spectra of high-complex beams. We have been able to observe important nonlinear pulse dynamics during the nonlinear propagation, including pulse splitting and the subsequent competition among the pulses that result from the splitting, obtaining a full insight into the general nonlinear behavior.
INTRODUCTION
The advent of high-power pulsed lasers in the last decades has allowed the study of the propagation of light in nonlinear regime. Several different behaviors have been observed; among others, the modified interference pattern of light in the two-slit experiment [1] and the self-guiding propagation of light when diffraction and the Kerr effect compete, with no ionization of the medium [2] [3] [4] . But the process that has attracted more attention in the past years is the so-called filamentation of light. This is a regime of nonlinear propagation where the equilibrium between the self-focusing process, caused by the Kerr effect, and the self-defocusing process, induced by the presence of weak plasma generated by the pulse, leads to the self-guiding of the light [5] [6] [7] . This phenomenon has been applied to pulse postcompression [8] , atmospheric analysis [9, 10] , remote LIBS [11] , and the generation of subterahertz radiation [12] , for a brief list of examples.
The filamentation regime has been studied extensively by means of theoretical simulations considering different media, showing the high degree of complexity of the behavior of the electric field in the spatiotemporal domain [6, 13, 14] . The experimental observation of these dynamics and the total understanding of the phenomena remain open problems [15] . An important amount of work and effort has been devoted to further experimental comprehension of the different nonlinear phenomena. Several methods have been used to obtain further information about the filamentation process, such as measurement of the electric conductivity of the medium [16] or spectroscopy of the plasma emission for analyzing the electronic density and the temperature of the plasma [17] , measurements of the high orders of the nonlinear refraction index [18] , and reconstruction of the pulses at different points of the transverse plane to obtain the local temporal structure [19] .
To date, the experimental evidence and studies of pulse dynamics have come from techniques that partially describe the beam propagation. Minardi et al. used the shadowgraphy technique, obtaining the refractive index and the absorption of the medium when the probe pulse passed through the filament [20] . From these results it was possible to observe some features of the beam propagation dynamics, such as the separation velocity of the two split pulses. Another observation of the spatiotemporal dynamics, obtaining experimental evidence of the pulse splitting, was obtained by using femtosecond time-resolved optical polarigraphy [21] . This technique uses a probe beam to detect the birefringence generated by a filament acting as a pump. In addition, some traces of asymmetrical pulse splitting could be observed.
On the other hand, the spatiotemporal reconstruction of light pulses has been notably developed in the past few years by the introduction of several techniques [22] [23] [24] [25] [26] [27] [28] [29] [30] . Therefore, the tools for the experimental study of the spatiotemporal structure of the beam propagating nonlinearly are already available. The first important approach for the spatiotemporal reconstruction of nonlinearly propagated beams was performed by using spatially resolved cross correlation [22] [23] [24] . It consisted of spatially resolved temporal cross correlation of the spatiotemporal intensity. The test pulse was temporally and spatially probed for different delays by a shorter known pulse. The information given by this technique is very valuable, showing general features of the nonlinear generation of X-type waves during the propagation of a femtosecond pulse along a nonlinear crystal [22] or the pulse splitting dynamics when propagating a femtosecond pulse through water [23] . However, the spectral phase remained unknown, so the information was still partial. The aim of the present work is to achieve a full spatiotemporal characterization of the electric field of a filament at different planes along its propagation. This will give a more complete understanding of the splitting and self-compression dynamics, since it will describe the evolution of the pulse fronts, the spectral spatiotemporal distribution, and the time-space coupling effects. For this purpose, we used spatiotemporal amplitude-and-phase reconstruction by Fourier transform of interference spectra of high-complex beams (STARFISH [30] ), a simple reconstruction technique already tested for the complete characterization of spatiotemporally complex pulses in the linear regime [31] . The experimental results have been contrasted with the established theory that describes filament formation.
During the preparation of this manuscript, we have received knowledge of an attempt at filament reconstruction [32] also based on a spectral interferometry reconstruction setup.
This paper is structured as follows: in Section 2 we present the tools employed during this work on the experimental side; we comment on the STARFISH technique and its implementation for the experimental measurements. In Section 3, the theoretical model used for the present work is described. Section 4 is devoted to the presentation and analysis of the experimental results and their comparison with the theoretical simulations. Finally, the conclusion summarizes the most important ideas obtained from the work.
EXPERIMENTAL SETUP
All the experimental results presented here were obtained with a Spectra-Physics chirped pulse amplification (CPA) Ti:sapphire laser (Newport Corporation, USA), delivering 100 fs pulses (central wavelength at 795 nm, 10 nm FWHM), 10 Hz repetition rate, and 9 mm diameter beam. In order to study the filamentation process in air, we reconstructed the spatiotemporal structure of the beam at different propagation distances using the STARFISH characterization method [30] , based on spectral interferometry [33] of an unknown test pulse and a reference pulse [34] . In STARFISH, an optical fiber coupler is used as an interferometer: one fiber input takes the reference pulse {previously characterized by standard reconstruction techniques, such as spectral phase interferometry for direct electric-field reconstruction (SPIDER) [35] or frequency-resolved optical gating (FROG) [36] }, while the second one takes different spatial samples of the unknown pulse, scanning it spatially. Then, both pulses are combined in the optical fiber coupler that is directly connected to a standard spectrometer. The two pulses are delayed in time in order to obtain spectral interferences encoding the spectral phase difference between the two pulses. By employing fringe inversion techniques, such as Fourier transform spectral interferometry, proposed by Lepetit et al. [34] , it is possible to reconstruct the test pulse at each scanned spatial position (whenever the reference pulse phase is characterized). Since the test pulse phases at the different spatial scan positions are referred to the same reference pulse, the full spatiotemporal information is obtained in the pulse reconstruction.
The experimental implementation for the spatiotemporal characterization of the filament is shown in Fig. 1 . The pulse coming from a CPA laser system was divided with a beam splitter to generate the reference pulse and the filament (the test pulse). To create an adequate reference pulse, the beam transmitted through the beam splitter passed through a 1:5 m focal length lens, and it was coupled into a hollow core fiber (300 μm inner diameter, 40 cm long) filled with air at atmospheric pressure. The beam was guided into the hollow core fiber, where it experienced nonlinear spectral broadening due to self-phase modulation (SPM). An iris placed just before the focusing lens was used to optimize the beam coupling into the hollow core fiber. The spectral broadening can be controlled by modifying the input pulse energy and chirp. This is especially useful when adjusting the reference spectrum to the test pulse spectrum, since, as is well known, reconstruction by spectral interferometry needs to have the reference spectrum covering the test; otherwise, the information concerning the test spectral phase in the noninterfering regions will be lost. Therefore, we focused on having a stable reference pulse whose spectrum fully covered the spectrum corresponding to that of the test pulse instead of obtaining the shortest pulse possible with this setup. Then the reference beam coming out of the hollow fiber was collimated by a 40 cm lens and passed through a transmission pair-of-grating pulse compressor to compensate the residual phase of the pulses. By means of a flip mirror, the beam could be driven into a second harmonic generation (SHG) FROG device (GRE-NOUILLE [37] from Swamp Optics, USA), to obtain the temporal reconstruction of the pulse, achieving typically around 24 fs pulse durations (FWHM). The spectral phase compensation was used mainly to achieve pulse durations within the time range of the GRENOUILLE. The ambiguity concerning the time direction in the SHG FROG was solved by means of additional measurements just introducing windows with known dispersion. Once the pulse was known, the mirror mentioned before was flipped and the pulse was directed into one of the two inputs of a fiber coupler. This input was located at a fixed position, providing a constant reference.
The second arm of the interferometer, which comes from the light reflected by the beam splitter, was used to create the experiment under study (the test pulse). In our case, the beam was also focused by a 1:5 m focal length lens to generate a filament in air. An iris just before the focusing lens was used to control the filamentation process (e.g., obtaining a good central mode). After the iris, fixed to 4 mm diameter during the whole experiment, the energy of the beam was 0:7 mJ. The analysis of the beam at a given propagation distance from the lens, z, was performed by sending into the STARFISH the reflection of a small fraction of the energy of the beam on a plate at that position. We have checked that, although the part of the pulse transmitted inside the plate damaged the bulk, the plate surface remained undamaged (preserving its reflection and flatness) even for the higher intensities used in these experiments. The beam sampled at the plate was imaged by a 4f optical system (f ¼ 20 cm) into the fiber of the STARFISH devoted to taking the test signal. The optical fiber coupler recombined the test spectrum with the reference spectrum and, after selecting a correct delay between both pulses (just moving the reference optical fiber back or forward), it was possible to obtain the interference in the total spectrum (test and reference). By simply moving the second optical fiber within the image plane (this does the spatial transverse scan), it was then possible to obtain the complete spatiotemporal reconstruction of the test beam. If the physical system under study presents cylindrical symmetry (which is the case of the measurements presented in this work), a radial scan is sufficient.
In order to study the filament propagation dynamics, the lens and the iris of the test arm were moved along the propagation direction, thus changing the position under analysis while maintaining the relative delay between both arms. The experiment configuration gives a high degree of flexibility, robustness, and simplicity to the detection setup.
Since the measurement process is multishot, due to both the propagation and the transverse scans, the stability of the physical system and the reconstruction setup is a key point. Therefore, we assured that the reference and test beam were stable by checking that the reference pulse and the spatiotemporal reconstruction of the filament did not vary shot to shot. Concerning the test beam, we averaged 20 shots of the spectral amplitude in order to reduce the noise of the reconstructions. For the same purpose, we recorded 20 shots of spectral interferences at each spatial transverse position and averaged the phase retrieval, verifying that the spatiotemporal structure of the filament was maintained shot to shot and when doing the average.
THEORETICAL MODEL
The theoretical model used here to understand the spatiotemporal dynamics appearing during the nonlinear propagation is the extended nonlinear propagation equation for the envelope of the pulse (ε) [38, 39] :
where k 0 is the wave number associated with the central frequency of the pulse ω 0 , z is the propagation distance, r is the radial coordinate, and t is the time. The first term of the righthand side of Eq. (1) represents the diffraction, including also the space-time coupling term with the presence of the temporal derivative. The second term represents the dispersion, while the third term includes the principal nonlinear terms that affect the propagation of the pulse, T NL ðεÞ ¼ KðεÞþ IðεÞ þ AðεÞ, where KðεÞ corresponds to the Kerr effect, IðεÞ corresponds to the ionization of the medium, and AðεÞ corresponds to the nonlinear absorption. The expressions used for these nonlinear terms are the following: The first pulse spectrum is broadened into a hollow core fiber. Then it is compressed and characterized. The second pulse produces filamentation in air, which is sampled by a reflective plate and imaged into the detection. The filament is characterized by the STARFISH technique: an optical fiber coupler collects both pulses to perform spectral interferometry. The propagation of the filament is tracked in a z-scan by moving the lens and iris along the optical axis. SPM, self-phase modulation.
IðεÞ ¼ −i
As shown in Eq. (2), the Kerr term includes both the instantaneous and the retarded contribution related to the Raman scattering of the molecules present in the air, where n 2 is the nonlinear index of refraction, x DK is the weight of the Raman contribution, and τ DK is the characteristic time related to the Raman response. Moreover, the model includes the selfsteepening effect, which may be important in situations where short structures are generated during propagation. Similarly to the self-steepening, the model includes a temporal effect on the ionization. In the second term, described in Eq. (3), ρ C represents the critical electron density of the medium. Of course, it is necessary to compute the evolution of the ionization to complete the description of the propagation of the pulse along the medium with the following equation:
where ρ and ρ n represent the electron density and the density of the neutral component of the gas (oxygen and nitrogen in our case), respectively. W n ¼ σ n I K n , where σ n and K n are the ionization rates and the minimum number of photons needed to ionize the different components of the medium, respectively. Finally, the absorption term, described in Eq. (4), takes into account the energy that the pulse dedicates to ionize the medium, where ρ at is the initial density of neutral components. For the ionization calculation, we assumed that the multiphoton ionization (MPI) is the dominant process, as supported by previous works [40] [41] [42] [43] ; thus we have not taken into account either the avalanche ionization or the electron recombination. The avalanche ionization can be discarded for subpicosecond pulses [44] , and the electron recombination is also a very small correction to the ionization dynamics for our parameters. Both contributions were numerically demonstrated to be negligible.
The envelope that we have used in the model as the input pulse is a supergaussian radial profile with an experimental temporal profile, f ðtÞ, that we obtained from experimental characterization of the input conditions:
The supergaussian spatial profile was used in order to be close to the experimental observation of the spatial distribution of the beam. The moderate spectral bandwidth and the soft focusing induced by the aperture allow the use of the focusing phase factor as shown in Eq. (6), instead of a more accurate description as in [45] , with no appearance of artificial effects. The parameters that we have used for the simulations are the following: the beam input spatial radius, w 0 , is 2 mm; the pulse is focused with a 1:5 m focal length lens; its spectrum is centered at 795 nm; and it has an input energy of 0:7 mJ. The temporal envelope used in the simulations, obtained from the experiments, is shown in Fig. 2 . The medium where the pulse propagates is air, and to describe it we have used the dependence of the refractive index, nðλÞ, calculated in [46] . The value for the nonlinear refractive index is n 2 ¼ 3:2 · 10 −19 cm 2 =W, being equal to the contribution from the electronic part rather than the contribution from the Raman part (x DK ¼ 0:5) and τ DK ¼ 70 fs. To evaluate the ionization of the air, we used the following parameters: the number of photons required to ionize the oxygen and nitrogen are K O 2 ¼ 8 and K N 2 ¼ 10, respectively; and the corresponding ionization cross sections are σ O 2 ¼ 3:5107 · 10 −96 s −1 cm 16 =W 8 and σ N 2 ¼ 9:4829 · 10 −127 s −1 cm 20 =W 10 . The MPI coefficients were calculated by using the Perelomov-Popov-Terent'ev model as presented in [6] . Finally, the critical density and the initial density of neutral molecules are ρ C ¼ 1:8 · 10 21 cm −3 and ρ at ¼ 2:7 · 10 19 cm −3 , respectively. On both plots, the blue curve represents the intensity of the envelope, while the red one corresponds to the phase. This particular temporal shape comes from the fact that the pulse shows a slight nonlinear propagation while going from the compressor to the experimentation table.
EXPERIMENTAL RESULTS AND COMPARISON WITH SIMULATIONS
The spatiotemporal reconstruction of the beam at different propagation distances is presented in Fig. 3 , where we show different snapshots of the beam during its propagation after the lens. In the first column, labeled "A," we present the experimental pulse spectra at different transverse positions (x) and at a given propagation position from the focusing lens (z), indicated on the left side of Fig. 3 . In the second column, labeled "B," we show the corresponding spatio-spectral distributions obtained from simulations. The experimental spatiotemporal reconstructions of the pulse front at the corresponding propagation position are presented in the third column ("C"), while the theoretical spatiotemporal distributions are shown in the fourth column ("D"). For the sake of clearness, we refer to each subplot by its column label (from A to D) and its z coordinate (e.g., the experimental spatiotemporal reconstruction contained in column C at z ¼ 160 cm after the focusing lens will be denoted "C-160 cm"). We have plotted the figures in logarithmic scale to appreciate the different structures (e.g., core part, wings, pre-and postpulses, etc.) properly. In order to interpret the results and to compare them with previous works, developed mainly on-axis, we have plotted in Fig. 4 the on-axis pulse reconstruction ðEðt; x ¼ 0ÞÞ for each of the analyzed propagation positions z both for the experiments (column A) and for the theory (column B). The instantaneous frequency, obtained from the first derivative of the field phase on the time domain, is shown in the colored filling of the intensity profile. Again, we refer to each subplot by the column label and the z position.
First, before the nominal focus, at z ¼ 120 cm after the lens, the beam starts to present some signals related to the nonlinear propagation that has happened until that position. The spectrum shows some broadening in the central part of the beam (Fig. 3 , subplots A-120 cm and B-120 cm) and the pulse front basically shows some structure of a train of pre-and postpulses, which mainly comes from the input temporal structure (Fig. 3 , subplots C-120 cm and D-120 cm). In its on-axis reconstruction (Fig. 4) , the input pulse main structures remain without relevant changes, both for the case of the simulation and also for the experimental data (see Fig. 4 , subplots A-120 cm and B-120 cm).
Some differences between the experimental and the theoretical data can already be observed at z ¼ 120 cm. The main difference is the spatial size of the pulse, which is larger in the experiment. Several reasons could be the origin of this effect. One may be the presence of some wavefront aberrations in the experimental case, especially a slight astigmatism observed when analyzing the beam with a wavefront measurement device from Phasics, France. The presence of the astigmatism, which was not included in the simulations to avoid breaking the cylindrical symmetry, is consistent with the fact that the beam size evolution within the studied propagation region is slightly smoother in the experimental results than in the simulations. This is understood by the softer linear focusing of a propagating astigmatic beam and the related increase of critical power for self-focusing in a nonlinear regime that is our case [47] . In addition, the input beam presents M 2 ¼ 1:2, so the linear focus would be bigger than the focus corresponding to the ideal case. As a consequence of the more intense collapse achieved in the simulations, the spectral broadening and also the divergence obtained at larger distances are larger than in the experiments.
Just before the nominal focus, at z ¼ 140 cm, the beam begins to show the main changes. The spectrum presents the largest broadening, as is shown in Fig. 3 , subplots A-140 cm and B-140 cm. Together with this spectral broadening, an incipient temporal pulse splitting appears in the central part of the beam, while some structures become visible in the outer part of the beam (see Fig. 3, subplots C-140 cm and D-140 cm) . At this stage, a self-compression process is observed. When the beam has passed the nominal focus, at z ¼ 160 cm, we can observe that the maximum spectral broadening is almost achieved, and minor changes can be observed in the spectra. In contrast, the spatiotemporal structure is gaining a lot of complexity, showing a clear temporal pulse splitting at the center of the beam, while the spatial wings of the pulse exhibit temporal modulations (see Fig. 3 , subplots C-160 cm and D-160 cm).
At distances further than z ¼ 160 cm, the beam starts to diverge, showing an increase of its size while increasing the propagation distance. Meanwhile, the spectra, which present a quite modulated structure, show some changes of the structure of the different maxima that are present in the central spatial part. Leaving aside these details, the experimental and theoretical data show the general structure of the spectra (very modulated) that can be explained by taking into account that the Kerr effects (the instantaneous and the retarded) are active during a much longer period of the propagation than the ionization, thus dominating the process. Figure 5 shows the theoretical electronic density generated by the pulse. As can be observed, ionization occurs only in a small region of about 30 cm around the nominal focus. Out of this region, the Kerr effect enhances the well-contrasted maxima in the spectrum, whereas the presence of the retarded contribution induces a redshift, which is basically the observed dynamics. It is interesting to note that according to Fig. 5 , the main electronic densities (i.e., the plasma region) appear between z ¼ 125 cm and z ¼ 150 cm, precisely before the region where the pulse splitting is observed, both theoretically and experimentally, which is consistent with the role of the plasma in the pulse splitting: the trail part of the pulse would suffer from plasma defocusing, triggering an asymmetric behavior on the time domain and inducing an intrinsic split of the pulse [40, 48, 49] .
As mentioned previously, some of the temporal dynamics of the propagation are shown more clearly in the on-axis reconstruction plots shown in Fig. 4 . The general evolution in both cases, theoretical and experimental, is similar, presenting a temporal pulse splitting and its subsequent evolution. Once the pulse splitting occurs, there is a competitive dynamics between the two main split pulses. When the beam propagates further (from z ¼ 180 cm in the simulations, from z ¼ 220 in the experiments) one of the split pulses, apparently the first one (the reddish), fades out until becoming a pedestal before the main pulse. It is worth comparing this result with some works already published, such as Ref. [50] , although the experimental conditions are different (filamentation in argon-an atomic medium-of 40 fs pulses, while in our case, it is filamentation on air -a molecular medium-of longer pulses, 100 fs). In that work, the authors presented theoretical simulation, backed by some experimental measurements, where they observed a competition between the two split pulses and that eventually the second and bluest one survived, while the first reddish one became a pedestal. In our case, we observe a similar process, despite the appearance of some differences. In our experimental case, the surviving pulse is not so blueshifted, but this may be explained due to the presence of the Raman effect on air and the relatively long pulses (longer than the typical response of the retarded Kerr effect), inducing a redshift compensation.
The temporal structure obtained for the single remaining pulse is in good agreement with the recently reported results of self-compression controlled by the input chirp [51] . After adjusting the chirp for obtaining self-compressed pulses at a given propagation position, analyzed with a SPIDER device, the temporal reconstruction of the pulses and its spectral distribution was very similar (while more compressed in the case reported in Ref. [50] ) to those obtained in this work at z ¼ 240 cm.
In general, the simulations and the experimental results present a reasonably good qualitative agreement, despite the approximations made in the model and despite the fact that it is not possible to include all the experimental parameters in the theoretical analysis (e.g., slight astigmatism, etc.). The structure and propagation evolution of the pulse front (r-t reconstruction) are very similar, with the exception of the size of the beam, especially at the focalization region, where the simulation overestimates the beam collapse. From the spectral point of view, and related to the beam size difference, the simulation shows more broadened spectra than the experiments. Apart from this point, the nonlinear dynamics observed in the experiment and those obtained from the simulation are quite similar, showing the spatial collapse, the subsequent temporal pulse splitting related to the ionization of the medium, and the rich energy competition between the intensity peaks in the generated structure. In the case we have studied, the theoretical and the experimental observations show that most of the pulse energy is taken by only one temporal maximum, obtaining a single pulse output, sometimes linked with the self-compression process [50, 51] . We would like to remark here that the achieved qualitative agreement confirms that the experimental procedure allows us to observe the complex spatiotemporal evolution of a laser pulse under nonlinear and self-guiding conditions. In addition, the understanding and experimental characterization of this process would be useful for the optimization of processes such as self-compression.
Concerning the quantitative discrepancies between experiments and theory, very recently Kolesik et al. [52] have shown some disagreements between experimental observations and theoretical model predictions. They did a comparison between experimental observations and two different theoretical models: the standard one (the one used in this work) and the alternative one based on the intensity-dependent Kerr effect model [53] . According to their report, the experimental results presented larger filament beam dimensions (around a factor of 2) than the results calculated by both theoretical models, which induced a theoretical overestimation of the filamentation effect, showing a remarkably lower filament creation threshold than that observed in the experiments. These observations match quite well with our results: the simulations presented here show, for the same input condition as in the experiments, a smaller beam radius (around one-half of the radius measured in the experiments) and, as a consequence, a more dramatic nonlinear propagation than in the experiments. Therefore, our results, in agreement with those from Ref. [52] , suggest that the theoretical model cannot achieve a quantitative agreement with the experimental results. Nevertheless, these differences do not prevent us from observing the main features of the nonlinear spatiotemporal dynamics by comparing experimental and theoretical data, obtaining an insight into the propagation dynamics within the filamentation regime, which is the aim of this work.
CONCLUSION
An experimental setup based on spatially resolved spectral interferometry using an optical fiber coupler (STARFISH) is presented, allowing the spatiotemporal reconstruction of nonlinear propagating light pulses. The nonlinear propagation of the pulse in the self-guiding regime is fully described, presenting the complex evolution of the pulse front and showing good agreement with theoretical simulations. The pulse splitting process and the subsequent dynamics of the pulses are discussed and shown, in qualitative agreement with the simulations. We believe that this kind of reconstruction opens the gate to a full understanding of the underlying physics in a broad range of nonlinear optics phenomena, obtaining intimate information about the field evolution.
